Abstract. Let (E, V ) be a general generated coherent system of type (n, d, n + m) on a general non-singular irreducible complex projective curve. A conjecture of D. C. Butler relates the semistability of E to the semistability of the kernel of the evaluation map V ⊗ O X → E. The aim of this paper is to obtain results on the existence of generated coherent systems and use them to prove Butler's Conjecture in some cases. The strongest results are obtained for type (2, d, 4), which is the first previously unknown case.
Introduction
Let X be a non-singular irreducible complex projective curve of genus g. Morphisms from X to a Grassmannian are of interest in studying the geometry of X and, in particular, its syzygies (see [1, 19] for surveys of results on syzygies). In more detail, let ϕ : X → Grass(m, n+ m) be a morphism from X to the Grassmannian of m-dimensional subspaces of C n+m and let 0 → S → O n+m G → Q → 0 be the tautological sequence on Grass(m, n + m). Suppose that ϕ is non-degenerate in the sense that neither ϕ * (S) nor ϕ * (Q) admits O X as a direct factor. The pullback of the tautological sequence then gives rise to an exact sequence which we can write as The non-degeneracy condition implies that h 0 (M V,E ) = 0 (and also h 0 (E * ) = 0), so that V can be regarded as a linear subspace of H 0 (E) and (E, V ) is a coherent system on X of type (n, d, n+m) for some d. Moreover (E, V ) is generated in the sense that the evaluation map V ⊗ O X ev −→ E is surjective. Conversely, any such sequence (1.1) gives rise to a nondegenerate morphism ϕ : X → Grass(m, n + m) which is uniquely determined up to the action of GL(n + m) on Grass(m, n + m). Thus the study of such morphisms is reduced to the study of generated coherent systems (E, V ) for which h 0 (E * ) = 0. References for work involving this correspondence include [3, 4, 20, 21, 39, 41] .
In this paper, we study generated coherent systems (E, V ) of type (n, d, n + m), in particular those that are α-stable for small α > 0. Recall more generally that a coherent system of type (n, d, k) on X is a pair (E, V ), where E is a vector bundle on X of rank n and degree d and V ⊂ H 0 (X, E) is a linear subspace of dimension k. Denote by G(α; n, d, k) the moduli space of α-stable coherent systems of type (n, d, k) (for the definition and properties of α-stability, see Section 2). In particular, we denote the moduli space by G 0 (n, d, k) when α > 0 is small and by G L (n, d, k) when α > 0 is large. We define S(α; n, d, n + m) := {(E, V ) ∈ G(α; n, d, n + m) | V ⊗ O X ev −→ E is surjective}.
We write also S 0 (n, d, n + m) for S(α; n, d, n + m) when α is small, M(n, d) for the moduli space of stable bundles of rank n and degree d, and B(n, d, k) for the Brill-Noether locus consisting of those E ∈ M(n, d) for which h 0 (E) ≥ k.
Our first aim is to study the non-emptiness and geometry (e.g. irreducibility, dimension, smoothness) of S 0 (n, d, n + m). While there are many results in the literature concerning the non-emptiness of B(n, d, n + m) (and hence G 0 (n, d, n + m))(see, for example [38] and, for n = 2, [16, 17] ) and indeed for G(α; n, d, n + m) for any α > 0 [40, 42] , much less is known about S 0 (n, d, n + m) except in the case d ≤ 2n [10, Theorem 4.4(c) ].
In order to state our first general result for small degree, we recall that Cliff n (X) is the rank-n Clifford index of X (see (2.8) ). For d > n(2g − 1), it is well known that S 0 (n, d, d + n(1 − g)) = ∅. We use the Picard sheaf W to show that, if d ≥ ng + m with m ≥ 1, then S 0 (n, d, n + m) = ∅. In addition, we describe in Theorem 3.3 some geometrical properties of S 0 (n, d, n + m) in this case and prove that, if m ≥ ng, then S 0 (n, d, n + m) = ∅ if and only if d ≥ ng + m (Corollary 3.4).
For any (E, V ) ∈ S 0 (n, d, n + m), we have an exact sequence (1.1). By [9, Lemma 2.9], h 0 (E * ) = 0, so, dualising (1.1), we obtain a generated coherent system (M Conjecture 1.2. Let X be a general curve of genus g and n, d, m positive integers. Then, for a general (E, V ) ∈ S 0 (n, d, n + m), D(E, V ) ∈ S 0 (m, d, n + m). Moreover, S 0 (n, d, n + m) and S 0 (m, d, n + m) are birational.
Actually, Butler stated his conjecture for g ≥ 3, but we state it without this restriction. By general, we mean that (E, V ) belongs to a Zariski open set which is dense in S 0 (n, d, n+ m). We will refer to Conjecture 1.2 as Butler's conjecture for (n, d, n + m). Note that the conjecture for (n, d, n + m) holds in a trivial sense if S 0 (n, d, n + m) = ∅ and S 0 (m, d, n + m) = ∅. We shall say that Butler's Conjecture holds non-trivially for (n, d, n + m) if Conjecture 1.2 holds and S 0 (n, d, n+m) = ∅. Note that Conjecture 1.2 is closely connected with the stability of Picard bundles (see [18, 30] ).
To proceed further, we introduce some definitions. We write
and
(for the definition of subpencil, see Section 4).
In Lemma 3.2, we prove that
is the largest open subscheme of S 0 (n, d, n + m) for which the conclusion of Butler's Conjecture holds. The next theorem gives sufficient conditions for Butler's conjecture to be fulfilled. 
In particular, if both S 0 (n, d, n + m) and S 0 (m, d, n + m) are irreducible and T (n, d, n + m) is non-empty, then Butler's Conjecture holds non-trivially for (n, d, n + m).
Butler's Conjecture for (1, d, m + 1) was established for g ≥ 1 in [6] following earlier work by many authors. In [14, Theorem 2.1], D. C. Butler proved that, if E is semistable of rank n and degree d ≥ 2ng, then M H 0 (E),E is semistable; moreover, if E is stable and d > 2gn, then M H 0 (E),E is stable. For general n and d > 2ng, this is the first step in proving the conjecture for (n, d, d + n(1 − g)). In [31, Ch. 2 Théorème B-1], Mercat stated a result which completes the proof in this case, except that he does not fully consider the case where the underlying bundle is strictly semistable.
Using the above results we complete Mercat's result for d > 2ng and extend it to cover d = 2ng. In the statement, β(n, d, k) is the "expected dimension" of G(α; n, d, k) (for further information, see Section 2) . Note that, if
Theorem 1.4 (Theorem 3.11). Let X be a curve of genus g ≥ 2 and let m = d − ng.
and, in particular, S 0 (n, d, n+m) is smooth and irreducible of dimension β(n, d, n+ m).
Butler's Conjecture holds non-trivially and the dual span construction defines an isomorphism
(iii) If g ≥ 3 and X is not hyperelliptic, then S 0 (ng, 2ng, n(g + 1)) is irreducible and
moreover, Butler's Conjecture holds non-trivially for (n, 2ng, n(g + 1)).
These results give us conditions under which Butler's Conjecture may fail. For large enough degree, it can also be proved (Proposition 4. Moreover, if d satisfies these inequalities, then
In the case of genus 6, we can obtain more detailed information using the results of Section 5 and some other techniques (Theorem 6.1); this includes in particular a complete description for d ≤ 12. The proof involves a number of special arguments in addition to those used in Section 5. In addition to this theorem, we obtain results for coherent systems of type (2, d, n + 2) with n ≥ 3 on a curve of genus 6 and, in particular, observe that Butler's Conjecture holds non-trivially for (2, 10, 5) (see Proposition 6.2).
The paper is organized as follows. In Section 2, we give the main results on coherent systems that we will use. In Section 3 we obtain our main results on non-emptiness of S 0 (n, d, k) for general g and prove Theorems 3.9 and 3.11. In Section 4, we obtain some general results of P 0 (n, d, k), T (n, d, k) and U g (n, d, k). Section 5 is devoted to the case (2, d, 4) and Section 6 to genus g = 6.
Notation: For a vector bundle E over X, we denote by d E , n E , µ(E) and h i (E) the degree, the rank of E, the slope
of E and the dimension of H i (E), respectively. We say that a coherent system (E, V ) is generated if the evaluation map V ⊗ O X → E is surjective and that E is generated if (E, H 0 (E)) is generated. Throughout the paper, X will denote a non-singular irreducible projective curve defined over C and K X will be the canonical bundle on X. We make no assumptions about the genus or generality of X except where stated.
Review of coherent systems
In this section, we recall the main results on coherent systems that we will use. For a more complete treatment of the subject, see [8] and [33] and the bibliographies therein.
There exist moduli spaces G(α; n, d, k) of α-stable coherent systems of type (n, d, k). If k ≥ 1, a necessary condition for the non-emptiness of G(α; n, d, k) is that α > 0. There are finitely many critical values 0 = α 0 < α 1 < · · · < α L of α; as α varies, the concept of α-stability remains constant between two consecutive critical values. We denote by
be the Brill-Noether number for (g, n, d, k), often referred to as the expected dimension.
In fact, every component of
is injective. When n = 1, the stability condition is vacuous and we write simply G(1, d, n+ m); this is the classical variety of linear systems.
Let M(n, d) (resp. M (n, d)) denote the moduli space of stable (resp. S-equivalence classes of semistable) bundles of rank n and degree d on X. The Brill-Noether loci are defined by
where [E] denotes the S-equivalence class of E and gr E is the graded object associated with E through a Jordan-Hölder filtration.
Remark 2.1. The following facts are well known.
(1) There is a forgetful morphism
(2) If E is stable, then, for any linear subspace
Here (1)- (3) follow easily from the definitions; for (4), see [9, Lemma 2.9].
In this paper, we are mainly interested in generated coherent systems. In this case, k ≥ n and we write n + m in place of k. If (E, V ) is generated of type (n, d, n + m) and
It is therefore of interest to consider coherent systems with this property.
Remark 2.3. Let (F, W ) be a subsystem of a generated coherent system of type (n, d, n+ m) with h 0 (E * ) = 0. Since any quotient Q of E is generated and h 0 (Q * ) = 0, we have
Lemma 2.4. Let X be a general curve. If (E, V ) is a generated coherent system of type (n, d, n + m) and h 0 (E * ) = 0, then
Proof. Since m ≥ 1, we can choose a subspace W ⊂ V with dim W = n + 1 which generates E. This gives an exact sequence
Moreover, it is a standard fact that there exists an exact sequence
From the dual of the exact sequence (2.5) and the fact that h 0 (E * ) = 0, we have h 0 (det(E)) ≥ n + 1; so, by classical Brill-Noether theory, β(1, d, n + 1) ≥ 0, which is equivalent to (2.3). The cohomology sequence of (2.6) gives h 0 (det(E)) ≥ m + 1, hence, again by classical Brill-Noether theory, we obtain (2.4).
We can obtain a different bound by using higher rank Clifford indices. Recall first Clifford's Theorem for α-semistable coherent systems (see [24] ). This states that, for any α-semistable coherent system (E, V ) of type (n, d, k),
We recall now the definition of the rank-n Clifford index from [25] (where Cliff n (X) is denoted by γ ′ n ). We write first, for any bundle E,
Then, for any curve X of genus g ≥ 4,
Any semistable bundle E of rank n with h 0 (E) ≥ 2n and d E ≤ n(g−1) is said to contribute to Cliff n (X).
Proof. We can assume that d ≤ n(g − 1) + m − n, so that either E or K X ⊗ E contributes to Cliff n (X). The result now follows from the definition of Cliff n (X).
Remark 2.6. For X general of genus g ≥ 4 and (E, V ) ∈ G 0 (n, d, n + m) with m ≥ n, Lemma 2.5 gives a stronger result than Lemma 2.4 provided
This is certainly true if n = 2, since Cliff
. For n = 3, the lower bound for Cliff 3 (X) in [27, Theorem 4.1] shows that (2.10) holds for g ≤ 420. Note, however, that this lower bound holds for any curve of genus g ≥ 7; the lower bound for a general curve is likely to be much larger. It is reasonable to conjecture that (2.10) holds for the general curve of genus g ≥ 4 for all n ≥ 2 and m ≥ n. 
, then S 0 (n, d, n + m) = ∅ and S 0 (m, d, n + m) = ∅. This holds in particular if d < g + s and g ≤ s, where s = max{n, m}. (iii) If X is a curve of genus g ≥ 4, m ≥ n and
Proof. (i) follows from (2.7). (ii) follows from Lemma 2.4 (see also [11, Theorem 3.9] ). (iii) follows from Lemma 2.5.
The following lemma will play an important rôle in what follows.
Proof. Suppose first that gcd(n, d, n + m) = 1. By [9, Proposition A.8] , there exists a universal family of coherent systems over G(α; n, d, n + m) × X. Denote by p G the projection of G(α; n, d, n + m) × X onto the first factor. According to [9, Definition A.6], we have a pair (E, V), where E is a vector bundle on G(α; n, d, n + m) × X and V is a locally free subsheaf of p G * E such that the induced homomorphism p * G V → E restricts over {(E, V )} × X to the evaluation map of (E, V ). By semicontinuity, the set S of points of G(α; n, d, n + m) × X at which p *
It follows from the definition that U g (n, d, n + m) ⊂ S(α; n, d, n + m) for all α > 0, and from the openness of α-stability and the fact that there are only finitely many critical values for α that it is open.
Finally, over S 0 (n, d, n + m) × X, the homomorphism p * X V → E is surjective, so we have an exact sequence of vector bundles
Dualising, we obtain a family of coherent systems (K * , V * ), which restricts over {(E, V )}× X to D(E, V ). It follows from the openness of α-stability that
If gcd(n, d, n + m) > 1, there is no universal family, but universal families exist locally in theétale topology. This is sufficient for the proof to go through.
For the next result we first recall the definition and properties of the Picard sheaf. First suppose that gcd(n, d) = 1 and let U be the universal bundle over X × M(n, d). The Picard sheaf W over M(n, d) is the direct image sheaf W := p 2 * (U) where p 2 is the projection on the second factor. For d ≥ n(g − 1), the open set
is non-empty and W| Z is a vector bundle of rank
Grassmannian bundle Grass(k, W| Z ) is smooth and irreducible and
If gcd(n, d) = 1, the universal bundle does not exist, but one can define a projective Picard bundle over Z (see [7] ) and the associated Grassmannian bundles Grass(k, W| Z ), and (3.1) still holds.
Theorem 3.3. Let X be a general curve of genus g ≥ 2 and suppose that d ≥ ng + m with m ≥ 1. Then
) with E generated and h 
can be identified with Grass(n + m, W| Z ). In view of (3.1), this proves the analogue of
Since h 1 (F ) = 0, the projection H 0 (E) → C p , induced by the above exact sequence, is surjective. Hence E is generated and h 0 (E) = d + n(1 − g). Such E is not necessarily stable, but can be deformed to a stable bundle with the same properties. This completes the proof of (i) by induction.
, then every semistable bundle E of rank n and degree d has
Recall now that the isomorphism classes of strictly semistable bundles of given rank and degree depend on fewer than dim M(n, d) parameters (see [12, Lemma 4 
This completes the proof of (iii). Proof. This follows at once from Theorems 3.1(i) and 3.3.
Remark 3.5. If m < ng, there can be a big difference between the bounds given by Theorems 3.1(i) and 3.3. In particular, if 2m ≤ d < ng + m, these theorems do not determine the non-emptiness of S 0 (n, d, n + m).
Remark 3.6. The proof of Theorem 3.3 shows that, if d ≥ ng + 1, the general element E ∈ M(n, d) is generated. It seems likely that this has been known for a long time, but we have been unable to locate a proof in the literature.
Using this theorem, we give an example which shows that Butler's Conjecture can fail when g = 2.
Example 3.7. Let g = 2, n ≥ 2, 3n + 2a < d < 4n + 2a for some positive integer a and m = d − 2n − a. Then the hypotheses of Theorem 3.3 are satisfied, so
induced by the dual of (1.1) is surjective.
Proof. This follows at once from Proposition 3.8 and Lemma 3.2. Theorem 3.11. Let X be a curve of genus g ≥ 2 and let m = d − ng.
(iii) If g ≥ 3 and X is not hyperelliptic, then S 0 (ng, 2ng, n(g + 1)) is irreducible and (3.4) ∅ = B(ng, 2ng, n(g + 1)) ⊂ T (ng, 2ng, n(g + 1)) ⊂ S 0 (ng, 2ng, n(g + 1)); moreover, Butler's Conjecture holds non-trivially for (n, 2ng, n(g + 1)).
Proof. (i) For d > 2ng − n, any semistable bundle E of rank n and degree d is generated and h 0 (E) = n + m by Riemann-Roch. Moreover, if E is strictly semistable and E ′ is any subbundle of rank n ′ and degree d ′ contradicting stability, then E ′ and E/E ′ are also semistable, so
) is a subsystem of (E, H 0 (E)) contradicting α-stability for all α. This proves (3.2).
(ii) For d > 2ng, we have 1 < d m < 2, so by [31] , every semistable bundle F of rank m and degree d has
Moreover, if h 0 (F ) = n+m and F is strictly semistable, the same argument as above shows that (F, H 0 (F )) is strictly α-semistable for all α > 0. So G (iii) By [10, Theorem 5.4], B(ng, 2ng, n(g + 1)) = ∅ and h 0 (E) = n(g + 1) for all (E, V ) ∈ G 0 (ng, 2ng, n(g +1)), so we can regard B(ng, 2ng, n(g +1)) as a non-empty open subset of G 0 (ng, 2ng, n(g + 1) ). By [32, Proposition 2], we have B(ng, 2ng, n(g + 1)) ⊂ T (ng, 2ng, n(g+1)). Since S 0 (n, 2ng, n(g+1)) is irreducible by (i) and S 0 (ng, 2ng, n(g+1)) is irreducible by [10, Theorem 4.4], the result follows from Theorem 3.9.
Remark 3.12. For d > 2ng, the isomorphism (3.3) holds for every genus. If g = 0, the spaces concerned are all empty. If g = 1, they are non-empty if gcd(n, d) = 1 and empty otherwise [23] . For g ≥ 2, the spaces are non-empty and irreducible.
T (n, d, n + m) and P 0 (n, d, n + m)
In this section, we give some important properties of T (n, d, n + m), U g (n, d, n + m) and P 0 (n, d, n + m). In particular, those of P 0 (n, d, n + m) will be used in the following sections.
The next theorem demonstrates the relationship between T (n, d, n+m) and U g (n, d, n+ m).
We can certainly assume that (F, W ) is generically generated. The kernel N of the evaluation map W ⊗ O X → F then has rank k ′ − n ′ and degree
Since E is semistable, we have
From this inequality and (4.1), we have
We conclude from (4.2) that µ(M V,E ) < µ(N), hence that M V,E is not semistable, so
Remark 4.2. This theorem suggests a possible method of showing that T (n, d, n+m) = ∅ using the large-α moduli space G L (n, d, n + m), at least when gcd(n, m) = 1. In this case, by [8, Proposition 5.9 ], the dual span defines an injective morphism Proof. Let (E, V ) ∈ T (n, d, n + m). From the sequence (1.1), it follows that the kernel of the Petri map (2.2) 
and E and M V,E are both semistable, it follows that In order to determine the truth or falsity of Butler's Conjecture, it is important to investigate cases in which (E,
Proof. We can certainly assume that (G, W ) ⊂ (E, V ) is a generically generated subsystem of type (s,
. This contradicts the semistability of E unless all the inequalities are equalities. But, in the latter case, ′ , s + t) with
, which contradicts the α-stability of D(E, V ) for all α > 0.
By a subpencil of a coherent system (E, V ), we mean a subsystem (L, W ) of type (1, d ′ , 2). If (E, V ) admits a subpencil, we say also that E admits a subpencil. Denote by P(α; n, d, n + m) ⊂ G(α; n, d, n + m) the locus of generated coherent systems in G(α; n, d, n + m) that admit subpencils. As usual, we write also P 0 (n, d, n + m) when α > 0 is small. Lemma 4.5. P(α; n, d, n + m) is closed in S(α; n, d, n + m).
Proof. Working locally in theétale topology if necessary, we can assume without loss of generality that there is a family (E, V) of coherent systems parameterized by S(α; n, d, n+ m). Let (L, W) be the family of linear systems of type (e, 2) parameterized by G (1, e, 2) . Take the pull-back of the families (E, V) and (L, W) to the product
We conclude, from the semicontinuity of Hom, that the support Z e ⊂ G(1, e, 2)×S(α; n, d, n+ m) of p 12 * (Hom(p * 13 (L, W), p * 23 (E, V))) is closed, hence that p 2 (Z e ) ⊂ S(α; n, d, n + m) is closed, since the projection p 2 : G(1, e, 2) × S(α; n, d, n + m) → S(α; n, d, n + m) is proper. Since there are finitely many possible choices for e for which Z e = ∅, we conclude that P(α; n, d, n + m) = e p 2 (Z e ) is closed.
But, from the semistability of E and the hypothesis,
This is possible only if all the inequalities are equalities. So (L, W ) ∈ G(1, d n , 2), which contradicts the α-stability of (E, V ) for all α > 0. Therefore s ≤ 1, which proves the proposition.
Proof. This follows from Lemma 4.4. Proposition 4.7 implies that, if m ≤ n and P 0 (n, d, n + m) contains a complete irreducible component of S 0 (n, d, n + m), then Butler's Conjecture must fail. On the other hand, if P 0 (n, d, n + m) = ∅ and dim P 0 (n, d, n + m) < β(n, d, n + m), then S 0 (n, d, n+m) = ∅ and P 0 (n, d, n+m) contains no irreducible component of S 0 (n, d, n+m). We shall find examples of this in Sections 5 and 6 which allow us to prove Butler's Conjecture in some cases.
Coherent systems of type (2, d, 4)
In this section, we consider existence problems for coherent systems of type (2, d, 4) and make some deductions concerning Butler's Conjecture. One may note that this is the first unknown case for the conjecture.
We can certainly assume that d ≥ 2 + 2g 3 , since otherwise, by Theorem 3.1, Butler's conjecture is trivially fulfilled. However, as we shall see, we have substantially stronger results in this case.
Proposition 5.1. Let X be any curve. Then
and let (L, W ) be a subsystem of (E, V ) of type (1,
and, by Remark 2.3,
Theorem 5.2. Let X be a general curve of genus g ≥ 3.
(
) is irreducible and birational to Grass(4, W).
Proof. (i) For g ≥ 4, this follows from the fact that Cliff 2 (X) = Cliff(X) = g−1 2
[2]. For g = 3, Cliff 2 (X) is not defined. However, in this case, if E is semistable of rank 2 with
(ii) Except when g is odd and d = g + 3, this follows from [40] . For g odd, d = g + 3, g ≥ 9, see [20, Theorem 1.1] (this theorem is stated in [20] for arbitrary odd genus, but is proved only for g ≥ 9). For g = 5, we have B(2, 8, 4) = ∅ by [5, section 3] . For g = 7, see [21, Postscript] .
(iii) The fact that P 0 (2, d, 4) = ∅ is a special case of Proposition 4.6.
By classical Brill-Noether theory, this implies that (1) If g = 3, G 0 (2, 6, 4) = ∅. In fact, if g = 3 and (E, V ) ∈ G 0 (2, 6, 4), E cannot be stable since B(2, 6, 4) = ∅ (see, for example, [21, section 5]), while, if E is strictly semistable, it must admit a subpencil, contradicting α-stability for all α > 0. So G 0 (2, 6, 4) = ∅.
(2) For g = 4, G 0 (2, 7, 4) = ∅, but S 0 (2, 7, 4) = ∅. In fact, in this case, h 0 (det E) < 5 and it follows from results of [28] that any E ∈ B(2, 7, 4) has the form E ≃ K X ⊗E * L (with the notation of [28] ). But then (see [28, Lemma 5.9] ), E possesses a quotient bundle of the form T (p), where T is either of the trigonal bundles on X and p ∈ X. Since T (p) is not generated, it follows that E is not generated. Hence S 0 (2, 7, 4) = ∅ when g = 4. Remark 5.4. For g even, if (E, V ) ∈ G 0 (2, g + 2, 4) then (E, V ) does not admit a subpencil, so h 0 (det E) ≥ 5 by [36, Lemma 3.9] . This is impossible for 4 ≤ g ≤ 8, so in these cases G 0 (2, g + 2, 4) = ∅. We know also that, when g = 10, G 0 (2, 12, 4) = ∅ (see [21, Theorem 4.1] ). It seems reasonable to conjecture that G 0 (2, g + 2, 4) = ∅ for all g; certainly β(2, g + 2, 4) = −3 < 0. 
The homomorphism E * → F * is not necessarily surjective, but it cannot be 0.
If dim W = 2, then F is a line bundle. Dualising (5.2), we obtain a non-zero homomorphism F → E and hence a subpencil (F ′ , W * ) of (E, V ), where F ′ is the saturation of the image of F in E. This contradicts our assumption. Hence dim W ≥ 3 and, by classical Brill-Noether theory,
Hence M * V,E is semistable and we have proved also that D(E, V ) :
Corollary 5.6. Let X be a general curve of odd genus g ≥ 5. Then Butler's Conjecture holds non-trivially for (2, g + 3, 4).
Proof. This follows from Theorem 5.2(ii) and (iii) and Proposition 5.5.
In order to use Proposition 5.5 to obtain further cases in which Butler's Conjecture holds non-trivially for (2, d, 4) , we need to study P 0 (2, d, 4) . In fact, if (E, V ) ∈ P 0 (2, d, 4) , we have a non-split exact sequence [8, (8) , (9) and (11)]
, where
Proposition 5.7. Let X be a general curve. If and
By classical Brill-Noether theory, we can assume that (L 1 , V 1 ) and (L 2 , V 2 ) are both generated. If E is stable, then certainly
It follows by classical Brill-Noether theory
Now suppose that E is strictly semistable and let L be a line subbundle of E with
, which contradicts the assumption that (L 2 , V 2 ) is generated. Hence dim W = 1 for all such L, so that (E, V ) ∈ P 0 (2, d, 4). Proposition 5.8. Let X be a general curve. If there exists an integer r ≥ 1 such that
.
parameters. By [8, Corollary 3.7] and noting that here C 12 = C 21 , (5.8) would follow if we had
Brill-Noether theory will ensure that this is true provided that
This is equivalent to
Proposition 5.9. Let X be a general curve of genus g, 3 ≤ g ≤ 5. Then Moreover, if d satisfies these inequalities, then In the next section, we will investigate the case g = 6.
Genus 6
Higher rank Brill-Noether theory for genus 6 is particularly interesting as several new phenomena appear (see [34, 29] ). In our context, we have the following result. (ii) dim P 0 (2, 9, 4) = β(2, 9, 4) = 1, dim S 0 (2, 9, 4) ≥ 2; moreover, if (E, V ) ∈ S 0 (2, 9, 4), then det E ≃ K X (−p) for some p ∈ X and P 0 (2, 9, 4) does not contain any component of S 0 (2, 9, 4). (iii) Butler's Conjecture holds non-trivially for (2, 9, 4); moreover, the morphism D :
T (2, 9, 4) → T (2, 9, 4) is the identity morphism. (ii) If (E, V ) ∈ P 0 (2, 9, 4), then we have a non-trivial exact sequence (5.3) in which (L 1 , V 1 ) ∈ G(1, 4, 2) and (L 2 , V 2 ) is a generated element of G(1, 5, 2). Now consider [8, (8) ]. We have C 21 = d − g − 3 = 0 and Hom((L 2 , V 2 ), (L 1 , V 1 )) = 0; so
is finite by classical Brill-Noether theory, this shows that dim P 0 (2, 9, 4) ≤ 1. Now observe that (L 2 , V 2 ) is generated for all but finitely many p. In fact, if (L 2 , V 2 ) is not generated, then L 2 ≃ L(q) for some L ∈ B(1, 4, 2) and some q ∈ X, and L * 1 ⊗ L * ⊗ K X ≃ O X (p, q). Since there exist finitely many choices for L 1 , L and a unique choice of {p, q} for each such choice, this justifies our assertion. This completes the proof that dim P 0 (2, 9, 4) = 1 and shows also that, if (E, V ) ∈ P 0 (2, 9, 4), then det E ≃ K X (−p). Now suppose (E, V ) ∈ S 0 (2, 9, 4) \ P 0 (2, 9, 4). Then, by [36, Lemma 3.9] , h 0 (det E) ≥ 5 and it follows that det E ≃ K X (−p) for some p ∈ X. Now consider the morphism S 0 (2, 9, 4) −→ B(1, 9, 5) : E → det E.
By [35, Theorem 1.1], every component of every fibre of this morphism has dimension ≥ 18 − 3 − 4(4 − 9 + 10) + 6 = 1. Since, by the previous argument, all but finitely many of these fibres are non-empty, it follows that dim S 0 (2, 9, 4) ≥ 2 as asserted. Moreover, each fibre contains finitely many points of P 0 (2, 9, 4), so P 0 (2, 9, 4) does not contain any component of S 0 (2, 9, 4).
(iii) It follows from Proposition 5.5 that T (2, 9, 4) = S 0 (2, 9, 4) \ P 0 (2, 9, 4) and then from (ii) that Butler's Conjecture holds non-trivially. Now let (E, V ) ∈ T (2, 9, 4). We have already observed in (ii) that h 0 (det E) ≥ 5; moreover h 0 (det E) ≤ 5 by classical Brill-Noether theory. We proceed as in the proof of [ We deduce first that h 0 (F ) > 0 and then that h 0 (M V,E ⊗ E) > 0. Since E and M * V,E are both stable of the same slope, it follows that M * V,E ≃ E. Finally, since Cliff 2 (X) = 2, V = H 0 (E), so D(E, V ) ≃ (E, V ).
(iv) Proposition 5.8 does not apply, but we can still use the argument in the proof of this proposition to show that dim P 0 (2, 10, 4) < β(2, 10, 4). In fact, for (E, V ) ∈ P 0 (2, 10, 4), we have a sequence Remark 6.3. Note that, in this proposition, P 0 (2, 10, 5) = ∅, but P 0 (3, 10, 5) = ∅ (for confirmation of this, see the proof of [34, Proposition 4.4] ). This is compatible with Proposition 4.7.
